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1. Introduction
In this paper, we will study the integrability of Hamiltonian systems by their related critical
Hamilton–Jacobi equations. Let H : T ∗Tn → R be a periodic Hamiltonian and the Hamilton–Jacobi
equation as follows,
H
(
x,ux(c, x)
)= α(c), (1)
where α(c) with c ∈ H1(Tn,R) = Rn is Mather’s α-function and u(c, x) is a Lipschitz function of x for
each c.
Let L : TTn → R be a Tonelli’s Lagrangian with respect to the Hamiltonian with the following
standard assumptions throughout the whole paper:
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(L2) Convexity: The Hessian ∂
2L
∂ x˙2
(x, x˙) is positively deﬁnite on each ﬁber TxTn .
(L3) Superliearity:
lim
|x˙|→∞
L(x, x˙)
|x˙| = ∞, uniformly on x ∈ T
n.
It is easy to see if L satisﬁes the conditions (L1)–(L3), the associated Hamiltonian is of class at
least C2 and also satisﬁes the convexity and superlinearity conditions, which are denoted by (H1)–
(H3) respectively.
Problem. Let Hamiltonian H satisfy (H1)–(H3) conditions, under some regularity assumptions like
smoothness and strict convexity on the α-function, is the system completely integrable?
This problem appeared ﬁrstly in [2] in the context of roundness of stable norm in geodesic ﬂows.
The similar problem introduced by P. Bernard can also be found in http://www.aimath.org/WWN/
dynpde/articles/html/20a/. Here the notion of complete integrability is stronger than the standard one
in the sense of Liouville, it means the system is only dependent of the momentum variable p, e.g.,
the example of mathematical pendulum is integrable in Liouville’s sense but cannot be complete
integrable under any symplectic transformation.
It is well known that Mather’s α-function is exactly the averaged Hamiltonian on c-minimal mea-
sures [7], which is also called effective Hamiltonian or Mañé’s critical value for ﬁxed cohomological class
c (see Theorem I in [5] for details).
In the case of geodesic ﬂow, a different viewpoint is Hopf’s conjecture, which was proved by
D. Burago and S. Ivanov in [1] for the manifold Tn . The isoperimetric inequality in metric geometry
is essentially used but it is so limited for the generalizations to Lagrangian systems. It is still not
understood well on the relation between the non-existence of conjugate point and the regularity of
the α-function.
In this paper we want to study Problem with some additional assumption, e.g., the analytic me-
chanical systems with Hamiltonian H(x, p) = h(p) + V (x), where h and V are smooth functions on
R
n and Tn respectively and H satisﬁes the condition (H1) and (H3).
Partial Answer 1 (Theorem 1 and Theorem 2). For mechanical systems (8), the strict convexity of α
function implies the complete integrability in some case like systems with real analytic potential, or
under some topological conditions on the critical set {x ∈ Tn: V (x) = maxx∈Tn V (x)}.
2. Mather’s α-function and β-function
Let L : TTn → R be the Tonelli’s Lagrangian satisfying the properties (L1)–(L3), and Φt : TTn ↪→
the Euler–Lagrange ﬂow deﬁned by Φt(x0, v0) = (x(t + t0), x˙(t + t0) mod Z), where x : R → Tn be
the solution of the Euler–Lagrange equation with initial conditions x(t0) = x0 and x˙(t0) = v0. The
solution x can be expanded to the whole real line for autonomous case without Mather’s completeness
condition [13] in time-periodic case. Every orbit γ (t) of Φt can be written as γ (t) = (x(t), x˙(t)).
Let M(L) the set of Φt -invariant Borel probability measure on TTn . For every μ ∈M(L), we can
deﬁne its average action
A(μ) =
∫
L dμ. (2)
The integral is deﬁned since L is bounded below. If A(μ) < +∞, we may associate to μ its rotation
vector ρ(μ) ∈ H1(Tn,R) = Rn . The rotation vector ρ(μ) is uniquely characterized by
〈
c,ρ(μ)
〉=
∫
ηc dμ, for all c ∈ H1
(
T
n,R
)
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on the left side of the equality above is the canonical pairing of H1(Tn,R) and H1(Tn,R). The integral
on the right is well deﬁned, since an addition of an exact form to ηc does not change the integral.
(See [13,14].)
For every h ∈ H1(Tn,R), we deﬁne Mather’s β-function, β : H1(Tn,R) → R, as
β(h) = inf{A(μ): μ ∈M(L), ρ(μ) = h}. (3)
It is easy to see that β(h) is a convex function on H1(Tn,R) with superlinear growth. We deﬁne
Mather’s α-function, α : H1(Tn,R) → R, the Fenchel’s transformation of β-function, i.e.,
α(c) = max{〈c,h〉 − β(h): h ∈ H1(Tn,R)}, for all c ∈ H1(Tn,R). (4)
From the basic facts in convex analysis, α(c) is also a convex function on H1(Tn,R) with superlinear
growth.
In the case of twist maps, i.e. n = 1, β-function is strictly convex and α-function is of class C1.
(See [13].) But for higher-dimensional case, i.e. n 2, this is not true in general.
Now let us consider the modiﬁed Lagrangian of the form Lc = L − ηc , where [ηc] = c ∈ H1(Tn,R).
The Lagrangian Lc has the same Euler–Lagrange equation as L does by basic calculation, see the last
section for directly calculation. We deﬁne the c-average action
Ac(μ) =
∫
Lc dμ, μ ∈M(L). (5)
We call μ a c-minimal measure for any c ∈ H1(Tn,R) if Ac(μ) = infν
∫
Lc dν for any ν ∈M(L). The
existence of such a measure may be proved by letting γn : [0,n] → Tn be an absolutely continuous
curve which minimizes
∫
Lc(γn, γ˙n)dt for the free endpoint problem. By the standard argument of
Krylov–Bogoliubov, the measure μn given by the curve γn has a cluster point μ with respect to the
vague topology of measures. This let us rewrite α-function as
−α(c) = inf
μ
∫
Lc dμ = inf
γT
1
T
∫
γT
Lc dt, (6)
where γT : [0, T ] → Tn be any absolutely continuous curve for any T > 0. The following inf-max
formulae for the α-function is also useful (see [6]):
α(c) = inf
u∈C1(Tn)
max
x∈Tn
H
(
x,du(x) + c). (7)
Now let us recall a theorem of Tonelli for any Tonelli’s Lagrangian L on TM × T where M is any
smooth compact manifold with no boundary.
Lemma 1 (Tonelli). Let t0 < t1 ∈ R, x0, x1 ∈ M˜, the universal covering space of M. The conditions of positive
deﬁniteness and completeness guarantee that the action takes a ﬁnite minimum value over the set of abso-
lutely continuous curves γ˜ : [t0, t1] → M˜ such that γ˜ (t0) = x0 and γ˜ (t1) = x1 . Moreover, if the completeness
condition is assumed, then the minimizer is C1 and satisﬁes the Euler–Lagrangian equation.
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standard curve-shortening argument. (See, e.g. page 338 of [3] or [12].) Let us denote by μk the
probability measure induced by γk as
∫
TM
f dμk = 1Tk
Tk∫
0
f
(
γk(t), γ˙k(t)
)
dt
for any test function f ∈ C0c (TM). This measure is clearly Φt -invariant. Since {μk} is compact for the
vague topology, then any cluster point of {μk} is a Φt -invariant measure which minimize the average
action A(μ) over M(L).
Let C ⊂M(L) be the set of the probability measures induced by the closed curve as mentioned
above. Mañé imposed a metrizable topology and C¯ its closure in such a topology. (See [12].)
For ﬁxed h ∈ H1(Tn,R), there exists a Φt -invariant probability measure μh such that
A(μh) = min
μ∈C¯,ρ(μ)=h
∫
L dμ.
Similarly, for ﬁxed c ∈ H1(Tn,R), there exists a Φt -invariant probability measure μc such that
Ac
(
μc
)= min
μ∈C¯
∫
L dμ.
We denote the set of such measures Mh(L) and Mc(L) respectively. It is easy to see that
⋃
h
Mh(L) =
⋃
c
Mc(L).
Clearly, every Mh(L) and Mc(L) are compact convex set, and their extremal points correspond to
ergodic measures.
Now let L be a mechanical Tonelli’s Lagrangian in the form
L(x, x˙) = (x˙) − V (x) (8)
with x ∈ Tn and x˙ ∈ Rn , and H(x, p) = h(p) + V (x) be the associated Hamiltonian given by Fenchel–
Legendre transformation. For the purpose of the paper, we rewrite the condition on  and V as
()  strictly convex function and (0) = minx˙∈Rn (x˙);
(V ) V is a smooth function on Tn .
Note that the condition () means h(0) = minp∈Rn h(p), since h are smooth convex functions sat-
isfying
h(p) = max{〈x˙, p〉 − (x˙): x˙ ∈ Rn}. (9)
Let us begin with an easy fact ﬁrst.
Proposition 1. Let L be the mechanical Tonelli’s Lagrangian in the form (8)with the average [V ] = 0. If for any
c ∈ H1(Tn,R), α(c) ≡ h(c), then the Hamiltonian systems deﬁned by L (or corresponding H) is a completely
integrable system.
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such that
h(c) = 〈c,ω〉 − (ω).
Then from (6), we have, for every c ∈ H1(Tn,R),
0 ≡ −α(c) + h(c) = inf
γT
1
T
T∫
0

(
γ˙T (t)
)− V (γT (t))− 〈c, γ˙T (t)〉+ h(c)dt, (10)
where γT : [0, T ] → Tn be any absolutely continuous curve for any T > 0. Now we take γT (t) =
ωt + x0 mod Zn , then for any ω ∈ Rn , choose cω ∈ H1(Tn,R) such that for c = cω and ω, (6) holds.
Then we have that the integral on the right side of (10) is
1
T
T∫
0
(ω) − 〈cω,ω〉 + h(cω) − V (ωt + x0)dt = 1
T
T∫
0
−V (ωt + x0)dt.
If ω is chosen as ω = 0, we have
−V (x0) 0, for all x0 ∈ Tn.
Then the assumption [V ] = 0 implies that V ≡ 0, and the complete integrability holds. 
3. α-function, ﬂat part and complete integrability
The following easy lemma describe the monotonicity of the α-function as we change the potential
of the mechanical systems.
Lemma 2. Let LV , be the mechanical Tonelli’s Lagrangian in the form (8) with kinetic energy  and poten-
tial V . Suppose V (x)  V˜ (x) for any x ∈ Tn and (x˙)  ˜(x˙) for any x˙ ∈ Rn, then the relation between the
α-function of systems LV , and LV˜ ,˜ satisﬁes αV ,  αV˜ ,˜ .
Proof. It is deduced directly from the deﬁnition. In fact,
αV ,(c) = − inf
γT
1
T
∫
γT
(γ˙T ) − 〈c, γ˙T 〉 − V (γT )dt
− inf
γT
1
T
∫
γT
˜(γ˙T ) − 〈c, γ˙T 〉 − V˜ (γT )dt
= αV˜ ,˜(c). 
From Lemma 2, we can estimate the ﬂat part of α-function of L =  − V near 0 by increasing the
potential. Now, suppose the potential V is not trivially constant, then there exist both a minimum
and a maximum of V since Tn is compact. Let y and z ∈ Tn , such that
V (y) = min
n
V (x) < V (z) = max
n
V (x), (11)x∈T x∈T
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max
x∈Tn
Uδ(x) = Uδ(z) = V (z), Uδ(x) V (x) for any x ∈ Tn (12)
and
Uδ(x) ≡ Uδ(z) for x /∈ B(y, δ). (13)
Without loss of generality, we assume (0) = 0.
Lemma 3. Let LV be the mechanical Tonelli’s Lagrangian in the form
L(x˙, x) = (x˙) − V (x), x ∈ Tn
as (8) and satisﬁes the condition () and (V )with (0) = 0. Then there exists kinetic energy ˜  and potential
U  V , where ˜(x˙1, . . . , x˙n) =∑ni=1 λi x˙2i /2 with λi > 0, i = 1, . . . ,n and U (x1, . . . , xn) =∑ni=1 Ui(xi) with
U satisfying (12).
Proof. The existence of ˜ is a direct consequence of the strict convexity assumption of .
Choose y, z ∈ Tn as in (11), i.e., V achieves its minimum at y and maximum at z. Without loss of
generality, we assume V (y) = 0. For each i ∈ {1, . . . ,n}, deﬁne function
Ui(xi) = 1
n
max
{
V (y1, . . . , yi−1, xi, yi+1, . . . , xn)
∣∣ y j ∈ T1 for j = 1, . . . ,n, j 
= i}. (14)
It is easy to check that, for x = (x1, . . . , xn) ∈ Tn ,
V (x) U (x) :=
n∑
i=1
Ui(xi), (15)
and V (z) = U (z). 
Remark 1. Note Ui deﬁned in (14) can be trivially constant in degenerate case, e.g., V = Uδ deﬁned
before satisfying (12) and (13) with δ small enough. All the Ui ’s in (14) are constant. But for real
analytic potential V , we know that each Ui in (14) is not constant since non-degeneracy of the zeroes
of any non-trivial real analytic function.
Theorem 1. Let LV be the mechanical Tonelli’s Lagrangian in the form (8) satisfying () and (V ). If at least
one of the Ui ’s in (15) is not constant, then there exists ρ > 0 such that αLV (c) is constant on a segment with
center at 0 and with the length 2ρ .
Proof. The key idea of the proof is to reduce the dimension from n to 1, which is easier.
We can get a new Lagrangian with the form
L¯ =
n∑
i=1
Li(xi, x˙i) = 12
n∑
i=1
λi x˙
2
i −
n∑
i=1
Ui(xi), λi > 0, i = 1, . . . ,n
by Lemma 3 and Remark 1, and the α-functions with L¯ and L with the form as (8) satisfying
αL¯  αL, αL¯(0) = αL(0) (16)
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V (z) (U (z), resp.) takes maximum of V (U , resp.) on Tn .
Now what we need to do is to estimate the ﬂat part of α-function with Lagrangian L¯, which is just
the sum of α-functions of Lagrangian systems in one-dimensional case and can be easily computed,
see e.g. [4,11]. In fact, for L1(x1, x˙1) = 12 |x˙1|2 − U1(x1) in dimension 1, for c1 ∈ H1(T,R),
αL1(c1) =
⎧⎪⎨
⎪⎩
maxU1, if |c1|
∫
T1
√
2(maxU1 − U1),
λ, λ solves |c1| =
∫
T1
√
2(U1 + λ),
if |c1| >
∫
T1
√
2(maxU1 − U1).
(17)
Without loss of generality, suppose U1 is not a constant, then
ρ =
∫
T1
√
2(maxU1 − U1) > 0,
and αL¯ has a ﬂat part near 0, which is a segment with center at 0 and with length 2ρ . So is αL
by (16). 
Theorem 2. Let L be a real analytic mechanical Lagrangian as the form (8). Suppose α-function is strictly
convex, that L is completely integrable.
Proof. This is a direct consequence of Theorem 1 and Remark 1. Indeed, for real analytic system, each
of the Ui ’s in (14) is not constant. So αL has a ﬂat part near 0 by Theorem 1, which is a contradict
to the strict convex assumption of αL . V need to be constant, and (8) is a completely integrable
system. 
Remark 2. Note that for higher-dimensional Eikonal case, if the topological structure of {x ∈
T
n: V (x) = maxx∈Tn V (x)} is simple, e.g., V is a function of Morse type which is the generic case,
we get the estimate of the size of the ﬂat part from (17) of one-dimensional case, i.e., if looking the
system as a perturbation of integrable system (x˙) with small item εV (x), then the size of the ﬂat
part has the order of
√
ε.
Now let us deal with more general case, the example with the potential U = Uδ satisﬁes (12)
and (13). The method used in Theorem 1 does not hold since all the Ui ’s are constant and L¯ is
a completely integrable system and (16) does not guarantee the existence of the ﬂat part of αL
near 0. Suppose maxx∈Tn Uδ(x) = 0 and deﬁne Eδ = {x ∈ Tn: Uδ(x) = 0}. Eδ ⊂ Tn is a compact set.
Lift the torus to its universal covering space, let Q = [0,1)n be the fundamental domain of the cov-
ering space Rn , E˜δ ⊂ Q be the natural quotient of the lift of Eδ in Q . Since the fundamental group
π1(T
n) ∼= Zn , let Γn , n ∈ Zn , be the C1 closed curve in Tn whose lifts to the universal covering space
R
n is a straight line segment having the endpoints x˜1 and x˜2 = x˜1 + n.
For δ > 0 no so large, the critical set Eδ contains some simple closed C1-curve whose lift to Rn is
the straight line segment Γ˜n , n ∈ Zn , denote by Nδ the set of n ∈ Zn such Γ˜n exist.
Theorem 3. Let Lδ be the Tonelli’s Lagrangian with the form Lδ(x, v) = 12 |v|2 − Uδ(x), then the α-function
of Lδ is quadratic in the direction n ∈ Zn. More precisely, suppose maxx∈Tn Uδ(x) = 0, then αLδ (rn) = 12 |rn|2
for n ∈ Nδ .
Proof. For convenience, we lift the Hamiltonian Hδ(x, p) = 12 |p|2+Uδ(x) to Rn ×Rn to be Zn-periodic
with respect to x, given any smooth Zn-periodic function u on Rn , there exists t ∈ [0,1] such that the
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formulae (7) of α-function implies
max
x∈Q
1
2
|du + c|2 + Uδ(x)max
x∈Q
1
2
|c|2 + Uδ(x) = 1
2
|c|2,
then we have αLδ (c)  12 |c|2. On the other hand we have αLδ (c)  12 |c|2 by choosing u to be any
constant function. So it is clear that for any δ > 0, αLδ is quadratic in the direction n ∈ Nδ . Note Nδ is
non-empty if δ is not so large. 
Remark 3. Theorem 3 shows that there exist mechanical systems without ﬂat part near c = 0. So for
general case the Problem in Section 1 is still open. In [15], Mather give a striking example that the
critical set (the projected Aubry set in Mather’s theory) of the potential may be very complicated.
4. An example
Now Let us consider a system with Lagrangian
L(x, x˙) = 1
2
〈
x˙− Ξ(x), x˙− Ξ(x)〉, (x, x˙) ∈ TTn, (18)
where Ξ(x) is a smooth vector ﬁeld on Tn . The corresponding Hamiltonian
H(x, p) = 1
2
〈p, p〉 + 〈ξ(x), p〉, (x, p) ∈ T ∗Tn, (19)
where ξ(x) is a 1-form on Tn . The relation between Ξ(x) and ξ(x) is that for usual ﬂat metric 〈·,·〉
on Tn ,
ξ(x)(v) = 〈v,Ξ(x)〉, for any v ∈ TxTn.
Let us consider (18) when ξ is a closed 1-form on Tn . For any c ∈ H1(M,R),
α(c) = − inf
μ
∫
TTn
L − c dμ
where the inﬁmum is taken over all invariant Borel probability measure of the Euler–Lagrange ﬂow.
By direct calculation,
L(x, x˙) − c(x˙) =
[
1
2
x˙2 + 1
2
Ξ(x)2
]
− (ξ + c)(x˙) = L0 − (ξ + c).
Let k be a constant representative element of the de Rham cohomology class [ξ + c] ∈ H1(M,R), then
the action
∫
TTn
L − c dμ =
∫
TTn
L0 − kdμ
for any invariant probability measure μ since the action does not change when adding an exact 1-
form to the original Lagrangian. Now recall Theorem 2 for mechanical Lagrangian L0 − k, then we
have
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ﬁled Ξ is non-degenerate, and quadratic in some direction n ∈ Zn if Ξ is degenerate along closed curves Γn
for n.
Remark 4. Let us calculate directly the Euler–Lagrange equation of (18), we obtain
d
dt
∂L
∂ x˙
− ∂L
∂x
= x¨− (Ξ ′(x) − Ξ ′(x)∗)x˙− Ξ ′(x)∗Ξ(x) = 0,
where ∗ means the transpose of the matrix. Since the corresponding 1-form ξ of Ξ is closed, we get
Ξ ′(x) − Ξ ′(x)∗ = 0 and then the E–L equation is indeed with the form
x¨− Ξ ′(x)∗Ξ(x) = 0,
which is actually a mechanical system.
Now let us consider the weak KAM solutions of Hamilton–Jacobi equation with respect to the
Hamiltonian in (19) in critical case. (For the details of the weak KAM theory, see, e.g., [8].) That is
〈
dxu,
1
2
dxu + ξ
〉
= α(0) = 0, (20)
where u is a Lipschitz function on Tn . If ξ = df is an exact 1-form on Tn , it is clear that (20) ad-
mits two distinct smooth weak KAM solutions u ≡ const and u = −2 f , which give two horizontal
Lagrangian submanifolds. In fact, it admits inﬁnitely number of weak KAM solutions by weak KAM
theory.
The problem discussed in this paper is also related essentially to the problem of regularity prop-
erties of the weak KAM solutions of the Hamilton–Jacobi equations with respect to action variable p.
Recent developments, see, e.g. [9,10], etc., shows that we can obtain near 12 -Hölder continuity regu-
larity on KAM tori in nearly integrable systems.
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